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1. INTRODUCTION 
The oscillatory behavior of solutions of the generalized Emden-Fowler 
equation 
x”(r)+a(t) (x(t)l”sgnx(t)=O, tE co, co), 
where a(t) E C[O, co) and y (0 < y < 1) is a constant, has been studied by 
many authors, see for example [l-5]. Recently Kwong and Wong [4] 
succeeded in obtaining for the first time a sufficient condition on a(t) for all 
continuable solutions of the equation to be oscillatory which also covers 
the interesting case a(t) = tip(t), where 2 is a negative constant and p(r) is 
periodic with zero integral mean. The present paper is concerned with a 
generalization of the result of Kwong and Wong. 
We consider the generalized equation 
x”(t)1-a(t)F(lx(t)j)sgnx(t)=O, t E co, cc 1, (1.1) 
where 
and the function f(x) > 0 (x > 0) satisfies the following conditions: 
x -“f(x) is nondecreasing in (0, 03 ) 
x PPf(x) is nonincreasing in (0, cc ) 
*The author wishes to express his deep sorrow at the passing away of Professor Y. M. 
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for constants c1 and p such that - 1 < CI 5 p < 0. We shall refer to the above 
properties of Y(X) by writing ,f(x)- [cc, fi]. It can be shown [6,7] that 
f(x) is absolutely continuous in any finite interval (0, N) and that 
(a) (1 +cc)f(x)~xxf’(x)+S(x)~(l +B)f(x), x > 0, (1.2) 
(b) F(x) - [ 1 + CC, 1+ /Yj, (1.3) 
(c) 
F(x) 
(1 +a) .y 
F(x) 
-5;.f(x)5(1 +P)- 
x ’ 
x>o (1.4) 
(d) if x(t) is a solution of (1) such that .u(t) > 0 for t 2 t, > 0, then 
; i.j’(-~(t))) =.f’(4f)) -Y’(f), tkt,, _ 
almost everywhere, where t,, is a constant and the left-hand side is taken to 
be zero whenever -u’(t) = 0. 
We further introduce weight functions b(t) having the properties 
d(t) 65 CC& m 1, d(f) ’ 03 d’(f) > 0, qY’( t) < 0 for r>O 
(1.6) 
and assume that c( and /? satisfy the conditions 
(1) 
a-28 2(m+l) p-x 
-iq+(>jrrr-1)’ 1 SLY ’ i > 
(11) 
c 
f-$-E >2(m+l)(b-a) - 
! 
l+b 
c > lscx ’ 
where m > 1 is a constant. 
It may be noted that if d(t) = P, 0 <p < 1, then condition (II) becomes 
i 
y-z >2(m+l)(b-z) ___ 
1 
l-tfl 
c > l+cx ’ 
so that (I) and (II) can always be satisfied if /3 - CI is sufficiently small. 
THEOREM. Suppose that 
A(s)= lim ‘jrj”’ 
T, i 
0) WT) F(d(t)) dt dt, -r + IX 
and 
A+(s)=max{A(s),O}, (s>O) 
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are well defined, where 
i 
IBI, 
e(T)= lM,, 
a(T)20 
a(t) < 0. 
I” the weight function q3 and the constants CI, /I are such that conditions (I) 
and (II) are satisfied, then all continuable solutions of (1 .l) are oscillatory if 
either A(s)= +m or 
(i) A(s)# -co, and 
(ii) {lim T+ r jF(A:(s)ls) ds)W.+ r JT (c/Y/d)’ sds} -’ = +co. 
We shall simply denote F(d(r)), X(T), etc. by F(d) and x when there is no 
danger of confusion. 
2. A LEMMA 
LEMMA. Let x(t) be a continuable solution of (1.1) such that x(t) > 0 for 
t 2 t, > 0, where t, is a constant, and let 
z = F(x)/F($b). 
[f A(s) exists and is finite, then 
(i) O~lim,,, (lI~){x(Wz(~)} < ~0, and 
(ii) 0 5 lim,, x J,r (S/z’)’ xz dT < co, s > 0, 
where z’(t) = dz( t)/dt. 
Proof With z as a variable, Eq. (1.1) can be written in the form 
0 G “+$+F2+F7= -a(t)F(d) l- { g$} (2.1) 
where 
(2.3) 
(2.4) 
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(2.5) 
(2.6) 
(2.7) 
It can be readily shown that for functions satisfying (1.2) and (1.4) 
To estimate the magnitudes of ~9, 9A, and y, we note that 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
so that 
where 
))= lx'1 f(x) 
F(x) ’ 
Q =f(d) 4' 
J’(d) 
Let HI be a number greater than one. Then there are two cases to 
consider: 
Case (i). P > mQ. In this case 
Therefore, using (2.2), (2.8), and (2.13), we have 
(2.13) 
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and using (2.3) and (2.9), we have 
lW(f5-3(3P(P+Q) 
< 2 (G)(e)(;) PQ. 
Hence, if condition I is satisfied, we obtain 
F,> IF*\. 
Case (ii). PgrnQ. In this case, using (2.3) and (2.9), we have 
On the other hand, from (2.4) and (2.10) we have 
Hence, if condition II is satisfied, we obtain 
Therefore, in all cases, we have 
5 > 0, 53 > 0, and 5 + F2 + F3 > 0. 
Consider Eq. (2.1) again. Integrating it with respect to t from s to t and 
with respect to t from s to T, and then dividing the equation by T, we 
obtain 
However, from ( 1.4) we have 
(2.14) 
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Thus, recalling the definition of 0(z), we have 
1 7. I 
2 -- 
SI L , 
a(z) F(d) O(T) do df. 
Since 1: (s + & + q3) dT is a monotonic-increasing function of t, the 
limit 
exists, even though its value may be + OS. Also, by assumption, 
A(S)= lim is’/‘.,,,F(,) B(r)dzdt 
T- IX T, 5 
exists. Hence as T-t ;G, we have 
The terms on the left-hand side are either finite or positive. If A(s) is finite, 
we must have 
(i) O_<lim,,, l/T(x,k),.< x, (2.16) 
(ii) 0 5 lim., ~ l/TS(‘S:(~+~*+$~)drdl<cc. (2.17) 
In fact, noting the relative magnitudes of 5, we also have 
Hence it follows from (2.18) and the inequality 
that 
(2.19) 
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3. PROOF OF THE MAIN THEOREM 
Proof: Assume that x(t) > 0 for t 2 t, > 0, where t, is a constant. If 
A(s) = +co, (2.15) gives rise to a contradiction because the terms on the 
left-hand side of (2.15) are either positive or finite. This means that x(t) has 
to be oscillatory and the theorem is proved. 
If A(s) is finite, then it follows from (2.15) that 
and 
(3.1) 
For the first term on the right-hand side, applying the lemma, we have 
(3.2) 
where K, > 0 is a constant. For the second term of (3.1), we have 
s 
T x” 
-&is= 
, z2s 
where (1.4) has been used to obtain the last inequality. Applying the lemma 
once more, we have 
(3.3) 
where K, and K, are positive constants. 
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Taking (3.2) and (3.3) together, we have 
lim s r A’ (s) idszK+K’ lim T-rffi , s 
where K and K’ are positive constants. Thus we have a contradiction if 
and the theorem is proved 
4. EXAMPLES 
(a) In the special case where X=/I= -1 ty (O<y < 1) and F(x)=x;‘, 
our condition on a(t) is the same as that obtained by Kwong and Wong. 
All the examples in their paper are therefore applicable. 
(b) For a more general example, consider the functions 
cp( t) = P’, tzo (4.1) 
F(x) = x7 log(.u + c), (4.2) 
where p and y are constants such that 0 <p < 1 and 0 < y < 1 and c is a 
large positive constant. 
The function F(x) can be written in the form 
F(-x) = j’,f(r, dr, 
0 
where ,f(x) = yx:‘- ’ log(x + c) + x7/(x + c). It is easy to verify that 
and hence, 
.f (xl - 
I 
(1 +?J) -1+y, -l+y+- 1 y log c . (4.3) 
Let x=-l+? and p=-l+y+(l+y)/ylogc. If ~1 and c are chosen 
suitably, with c sufficiently large, cz and /I will satisfy conditions I and II of 
our main theorem. 
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Further let 
1 
t “sin t 
IPI 
sin t 10 
a(t) = 
t ‘sin t 
lal 
sin t < 0, (4.4) 
where 1 satisfies 0 < pry + A < 1. Then a(t) E C[O, co). 
By direct evaluation, using integration by parts, we obtain 
T’ log( tP + c) sin z dz dt 
= sn log@” + c) cos S - SHP ’ 
i 
llsp I9 log(s” + c) +- 
sp + c I 
sin s, 
where d=p~y+A< 1. 
It follows that 
I 
T/l2 (s) 
f ds 2 K4 T sZM- ’ log2(s“ + c) ds, 
I s I 
where K, is a suitable positive constant. On the other hand, 
sds=p’log T+O(l), as T-+x. 
Hence we have 
and the corresponding differential equation is oscillatory. 
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